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Abstract. - Anderson’s theorem states that non-magnetic impurities do not change the bulk
properties of conventional superconductors. However, as the dimensionality is reduced, the effect of
impurities becomes more significant. Here we investigate superconducting nanowires with diameter
comparable to the Fermi wavelength λF (which is less than the superconducting coherence length)
by using a microscopic description based on the Bogoliubov-de Gennes method. We find that:
1) impurities strongly affect the superconducting properties, 2) the effect is impurity position-
dependent, and 3) it exhibits opposite behavior for resonant and off-resonant wire widths. We
show that this is due to the interplay between the shape resonances of the order parameter and the
sub-band energy spectrum induced by the lateral quantum confinement. These effects can be used
to manipulate the Josephson current, filter electrons by subband and investigate the symmetries
of the superconducting subband gaps.
Introduction. – The effect of impurities on super-
conductivity have intrigued scientists for several decades.
Adding impurities to a superconductor can not only pro-
vide an useful tool to investigate the superconducting state
but can also be used to optimize the performance of certain
devices. For example, impurities are used to distinguish
between various symmetries of the superconducting state
[1,2], to identify topological superconductors [3] or to pin
vortices in order to enhance the superconducting critical
current [4]. Strong disorder is often used to study the
superconducting-insulator transitions and the localization
of the Cooper pairs [5–10]. It is well known that magnetic
impurities, which are pair breakers, suppress superconduc-
tivity. On the other hand, as Anderson’s theorem points
out [11], for bulk conventional superconductors, small con-
centrations of non-magnetic impurities do not change the
thermodynamic properties of the system, such as the su-
perconducting critical temperature Tc, and that impurities
have only local effects [1] on the superconducting order pa-
rameter (OP) and the density of states.
On the other hand, quasi-one-dimensional supercon-
ducting nanowires show different properties from the bulk
and could have wide potential applications in the near fu-
ture [12]. First, if in some regions, the diameter of the
cross section of the wire is shorter than the superconduct-
ing coherence length, ξ (also known as the healing length
of the OP), superconductivity weakens there, thus affect-
ing transport properties of the wires. Quantum phase
slips, leading to the loss of phase coherence, are one of the
main reasons for the appearance of normal regions giving
rise to a finite resistance below Tc in nanowires [13–19].
Phase slip junctions can be fabricated in order to take
advantage of this mechanism [20]. Normal regions can
also be caused by interactions with photons and this can
be used to build single-photon detectors [21, 22]. Second,
surface effects in nanoscale superconductors result in topo-
logical superconducting states [23]. Majorana fermions,
which are their own anti-particles, were predicted as quasi-
particles in such p-wave nanowires [24, 25]. Third, quan-
tum confinement results in quantum size effects [26–28],
quantum-size cascades [29], facilitates the appearance of
new Andreev-states [30] and give rise to unconventional
vortex states [31] induced by the wavelike inhomogeneous
spatial distribution of the OP [27].
Up to now, the theoretical study of superconducting
nanowires was limited to defect-free cases in the clean
limit or to systems with weak links, which were treated in
the one-dimensional limit. However, experiments such as
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Scanning Tunneling Microscopy (STM) are nowadays able
to measure the local density of states (LDOS) with atomic
resolution [32–36] and consequently the finite width of
nanowires can no longer be neglected. It is known that
in low dimensional superconductors phase fluctuations
should play an important role [37–39]. The calculation
presented here is done at zero temperature and at mean-
field level, therefore it cannot describe fluctuations. Nev-
ertheless, by calculating the modifications induced by the
impurity on the Josephson current we are able to infer the
phase robustness of the condensate, therefore indirectly
provide information about the enhancement of fluctua-
tions and the appearance of phase slips.
In this Letter, we investigate the effect of a nonmag-
netic impurity on superconducting nanowires with diam-
eter comparable to the Fermi wavelength, λF . The bulk
coherence length at zero temperature, ξ0, is much larger
than λF . For such systems, quantum confinement ef-
fects dominate and a description based on the microscopic
Bogoliubov-de Gennes (BdG) equations is required. The
impurity, which induces potential scattering on single elec-
trons, not only affects local properties such as the OP and
the LDOS, but also has global effects on the critical super-
current. Quantum confinement leads to inhomogeneous
superconductivity and therefore the effect of the impurity
strongly depends on its transverse location.
The letter is organized as follows: first we briefly present
our numerical method and the properties of the nanowires
in the clean limit, then we show the effect of non-magnetic
impurities on the profile of the order parameter and the
local density of states. At the end we investigate the im-
purity effect on the Josephson critical current.
Theoretical approach. – We start from the well-
known BdG equations:
[K0 − EF ]un(
−→r ) + ∆(−→r )vn(
−→r ) = Enun(
−→r ), (1)
∆(−→r )∗un(
−→r )− [K∗0 − EF ] vn(
−→r ) = Envn(
−→r ), (2)
where K0 = −(~∇)
2/2m + U(−→r ) is the kinetic energy
with U being the potential barrier induced by the impurity
and EF the Fermi energy, un(vn) are electron(hole)-like
quasiparticle eigen-wavefunctions, En are the quasiparti-
cle eigen-energies. The impurity potential is modeled by
a symmetrical Gaussian function, U(−→r ) = U0exp[−(
−→r −
−→r0)
2/2σ2] where U0 is the amplitude,
−→r0 is the location of
the impurity and σ is the width of the Gaussian.
The pair potential is determined self-consistently from
the eigen-wavefunctions and eigen-energies:
∆(−→r ) = g
∑
En<Ec
un(
−→r )v∗n(
−→r )[1 − 2f(En)], (3)
where g is the coupling constant, Ec is the cutoff energy,
and f(En) = [1 + exp(En/kBT )]
−1 is the Fermi distri-
bution function, where T is the temperature. The lo-
cal density of states is calculated as usual: N(−→r , E) =∑
n
[δ(En − E)|un(
−→r )|2 + δ(En + E)|vn(
−→r )|2].
For simplicity, we consider a two-dimensional problem
and introduce a long unit cell whose area is S = LxLy
where Lx is the length of the unit cell and Ly is the wire
width. Periodic boundary conditions are set in the x di-
rection and Lx is set to be long enough such that physical
properties are Lx-independent. Due to quantum confine-
ment in the transverse direction y, we set Dirichlet bound-
ary condition at the surface (i.e. un(
−→r ) = vn(
−→r ) = 0, r ∈
∂S).
In order to solve more efficiently the self-consistent
BdG equations (1)-(3), we expand un(vn) by using a two
step procedure. First, in order to get the eigenstates of
the single-electron Schro¨dinger equation K0φl = Elφl we
Fourier expand φl:
φl(x, y) =
√
2
LxLy
∑
j>0,k
cj,k exp (ikx) sin
(
πjy
Ly
)
, (4)
where cj,k are the coefficients of the expansion and wave
vector k = 2πm/Lx, m ∈ Z. Here we use a large number
of basis functions in order to ensure the accuracy of the re-
sults. Next, we expand un(vn) in terms of φl(x, y). In this
step, only states with energies El < EF + ε are included.
In our calculation, ε is taken to be 30Ec and we find that
any larger cut-off does not modify the results. We have
checked our results, for a specific choice of parameters,
against a more computationally intensive finite-difference
method approach.
We choose to study NbSe2 nanowires as an example
because of the availability of high-quality nanowires with
2 − 25nm in diameter [40, 41]. Also, theoretical calcu-
lations are in good agreement with experiments, espe-
cially, for vortex lines [42–44]. In addition, the lower
Fermi energy makes the calculations feasible. The pa-
rameters of bulk NbSe2 are the following: m = 2me,
EF = 40meV , Ec = 3meV and coupling constant g is
set so that the bulk gap ∆0 = 1.2meV , which yields
Tc ≈ 8.22K, ξ0 = 14.7nm and kF ξ0 = 21.23. In
nanowires, the mean electron density ne is kept to the
value obtained when Lx, Ly → ∞ by using an effective
EF , where ne =
2
S
∑
n
∫ {
|un|
2f(En) + |vn|
2[1− f(En)]
}
.
All the calculations are performed at zero temperature.
Numerical Results. – We first show in Fig. 1 impor-
tant superconducting properties of clean nanowires, i.e.
with U ≡ 0. The spatially averaged OP, ∆¯, shows quan-
tum size oscillations as a function of the width, Ly, as seen
from Fig. 1(a). The resonant enhancements appear almost
regularly with a period of half the Fermi wavelength, i.e.
λF /2. They are due to the fact that the bottom of the rel-
evant single-electron subbands passes through the Fermi
surface, which results in a significant increase in the den-
sity of states, i.e. in the number of electrons which can
form Cooper-pairs. The different energy spectra for the
resonance and off-resonance cases are the key to under-
stand the behavior of the nanowires. For completeness,
we show in Fig. 1(b)-(h) more information for the res-
onance case, with Ly = 3.4nm, intermediate case, with
p-2
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Fig. 1: (Color online) Properties of clean NbSe2 nanowires.
(a) Spatially averaged ∆¯ as a function of Ly. The open circles
1− 3 indicate the resonance case (Ly = 3.4nm), intermediate
case (Ly = 3.8nm) and off-resonance case (Ly = 5.4nm), re-
spectively. (b) OP |∆(y)| for the three cases. The αβγ are
defined as the positions where the OP has a local maximum
/ minimum for resonance, the α∗β∗ are for intermediate and
the α′β′ are for off-resonance. The value of these positions are
shown in the inset of the panels (d),(f) and (h), respectively.
(c) and (d) energy spectrum and the corresponding LDOS at
positions α, β and γ for resonance. (e) and (f) the same but
for the intermediate case and positions α∗ and β∗. (g) and (h)
the same but for off-resonance and positions α′ and β′. Note
that in panel (d) and (f) the LDOS for position β and β∗ are
shifted for clarity.
Ly = 3.8nm, and off-resonance case, with Ly = 5.4nm
[45]. The energy spectrum for resonance [see Fig. 1(c)]
shows two energy gaps: a smaller gap for subband j = 1
and a larger one for j = 2. Most quasiparticle states are
just below the cutoff energy Ec for subband j = 2. This
results in an enhancement of the OP, which shows two
pronounced peaks and is strongly inhomogeneous in the
y direction [see Fig. 1(b)]. We consider the spatial posi-
tions αβγ and α′β′ as given in the insets of Fig. 1(d)(h)
where the OP has either a maximum or a minimum. The
corresponding LDOS at positions α and β are shown in
Fig. 1(d). We notice that there are two gaps at α and
only one gap at β. The smaller sub-gap at α and the gap
at β comes from the j = 1 subband. The main gap at α
comes mostly from the j = 2 subband which is indicated
by the ratio of the LDOS peaks at the main gap and at
the sub-gap. In contrast, the off-resonance case shows the
same energy gap for j = 1 and j = 2 [see Fig. 1(g)] and
the LDOS [see Fig. 1(h)] is more conventional: only one
superconducting gap and the amplitude of the LDOS is
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Fig. 2: (Color online) Effect of the impurities on the elec-
tronic structure when the nanowire is in normal state. (upper
panel) DOS as a function of energy for an impurity at sided
position (blue solid line) and at centered position (red solid
line, shifted up for clarity), respectively. The black solid lines
are for U = 0 as references. (lower panels) Schematic corre-
sponding LDOS(x, y) at energy E1, E2 and E3, respectively.
The open circles indicate impurities’ position.
proportional to |∆(y)|, i.e. the LDOS at α′ (local maxi-
mum) is larger than the one at β′ (local minimum). Be-
sides the sub-gap shift seen in the energy spectrum, an-
other important difference between the two cases is that
for resonance there is always a large number of low mo-
mentum quasi-particles [see Fig. 1(c)] which are involved
in pairing, whereas there are no quasi-particles at k = 0 in
the off-resonance case [see Fig. 1(e)]. Note that subband
j = 3 in off-resonance sits just outside of Ec and generates
a large asymmetric peak in the LDOS [see Fig. 1(f)]. The
intermediate case [see Fig. 1(e) and (f)] mixes the charac-
teristic from both resonance and off-resonance cases where
it has the intermediate gap difference between subbands
j = 1 and j = 2 and the intermediate k-value for most
quasi-particles states with subband j = 2.
Next, we consider an impurity in the nanowire. The im-
purity is strong enough to suppress completely the wave-
functions of the electronic states locally. Meanwhile, the
spread of the impurity is smaller than the width of the
nanowire. The effects of the impurity on the electronic
structures of normal state are presented in Fig. 2. The
scattering due to the single impurity does not change
the quasi one-dimensional characteristic seen in the DOS.
However, it results in additional small oscillations when
comparing with the clean case with U = 0. In addi-
tion, the oscillations show different pattern for impurity
at sided position and at centered position. It indicates
the influence of the impurity depending on its position
and the quantum number of the electronic state, i.e. j
and k. Due to the sine-shaped transverse electronic wave-
functions, the impurity at center position affects the states
with subband j = 1 more than states with subband j = 2.
Thus, the DOS of the impurity at center position shows
stronger oscillations than the one of the impurity at side
position between the peaks of j = 1 and j = 2. For the
same reason, it shows opposite behavior in DOS between
p-3
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Fig. 3: (Color online) OP in the presence of an impurity. (a)
and (c) show |∆(x)| at y=α, β, γ (defined in Fig. 1) and contour
plot of |∆(x, y)| for an impurity sitting at α in resonance case,
respectively. (b) and (d) are the same as (a) and (c) but for the
impurity sitting at the center β. (e) and (f) show contour plot
of |∆(x, y)| for an impurity sitting at α′ and β′ in off-resonance
case, respectively. The white open circles indicate impurities’
profile where U = 0.1U0.
the peak of j = 2 and j = 3. Furthermore, the impurity
leads to fast oscillations in the LDOS at energies E1 and
E3 [see Fig. 2 (lower panels)] because these states have
large wave-number, i.e. k. In contrast, the impurity leads
to oscillations with long wave-length in the LDOS at en-
ergy E2, due to the states with small k-value dominating
near E2.
Now we move on to the superconducting state and con-
sider an impurity at position (0, α) and (0, β) for resonance
case and at (0, α′) and (0, β′) when off-resonance. We set
U0 = 20EF and σ = 0.02nm so that the impurity strongly
suppresses the local OP and the spread of the potential
(full width at 1/10th of maximum) is 0.86nm, which is
shorter than the width of the nanowire. We show in Fig. 3
the profile of the amplitude of the OP in the presence of
the impurity. For the resonance, [see Figs. 3(c)(d)], the
impurity suppresses the OP over the whole width which
is more pronounced when in α than in β. Meanwhile, the
asymmetrical impurity, at α, results in a local enhance-
ment at position (0, γ), as seen from Fig. 3(a). For the
impurity sitting in the center, β, the OP oscillates along
the wire over a longer distance although the impurity sits
at a local minima of the OP which intuitively should have
a smaller effect. As seen from Fig. 3(b), the OP oscilla-
tions extend to x = ±50nm, which is much farther than
the extent of the oscillations for the impurity at α. The
reason is that the centered β impurity strongly affects
the j = 1 subband quasi-particles due to the sine-shaped
transverse wave-function, leaving the j = 2 subband unaf-
fected. Moreover, only high k quasi-particles in subband
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Fig. 4: (Color online) Contour plots of LDOS at the ener-
gies’ (sub-)gap in the presence of an impurity. (a-d) are for
the resonance case with an impurity sitting at α at sub-gap
(a) E/meV = 2.32 and gap (b) E/meV = 2.93 and with an
impurity sitting at β at sub-gap (c) E/meV = 2.36 and gap
(d) E/meV = 2.93. (e) and (f) are for off-resonance case with
the impurity at α′ and at β′ at gap E/meV = 0.68 and 0.65,
respectively. The open circles indicate impurities’ profile where
U = 0.1U0.
j = 1 play a role so that scattering on the impurity results
in oscillations of the wave-functions. On the other hand,
the impurity at α affects mostly subband j = 2 but all
states with j = 2 have low k so that the OP recovers fast
and has longer wave-length oscillations. The local density
of states in Figs. 4(a-d) show evidence that supports this
explanation. For the off-resonance case [see Figs. 3 (e-f)],
due to the combination of the j = 1 and j = 2 subbands
which now have only high k quasi-particles, the impurity
always induces strong oscillations in the OP. Note that the
OP is affected more strongly when the impurity sits at a
local maximum. The LDOS shown in Figs. 4 (e-f) show
the same patterns as the OP.
Finally, we study the effect of the impurity on the trans-
port properties such as the Josephson current. In order
to do so, we set a junction link of length Lj = 30nm
at the center of the nanowire where ∆ is obtained self-
consistently. Outside the link, we fix the phase of the or-
der parameter and impose a phase difference δθ between
the two sides of the link, i.e. ∆(x < −15nm) = |∆|ei0 and
∆(x > 15nm) = |∆|eiθ. Then, the supercurrent induced
by the phase difference δθ can be calculated as follows:
~J(~r) =
e~
2mi
∑
En<Ec
{f(En)u
∗
n(~r)▽ un(~r)
+ [(1 − f(En)]vn(~r)▽ v
∗
n(~r)− h.c.} .
Please note that ~J satisfies the continuity condition∇· ~J =
0 in the link due to the self-consistent ∆ [46,47]. Outside
the link, ~J is discontinuous due to the fixed phase of the
p-4
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Fig. 5: (Color online) Effects of an impurity on Josephson
current where the junction length is Lj = 30nm. (a) Current-
phase relation in the resonance case for clean limit, with im-
purity at α and at β. (b) Results in the off-resonance case
for clean limit, impurity at α′ and at β′. (c)-(f) The spatial
distributions of current for an impurity at α, β for resonance
case and at α′, β′ for off-resonance case with phase differences
where currents reach their critical Josephson currents. The
color indicates the amplitude of the current and the stream-
lines indicate the direction of the current. The open circles
indicate the impurity profile for which U = 0.1U0.
order parameter but these areas can be treated as current
sources.
Figs. 5(a) and (b) show the J − θ relation for resonant
and off-resonant cases, respectively. For resonance, the
current increases monotonically with the phase for the
impurity at α but it shows a sine-shaped curve for the
impurity at β. We find that the critical Josephson current
is suppressed dramatically for the impurity at β while the
impurity at position α has little effect. The explanation
is that when the current is small, only the lowest quasi-
particle states are involved. and almost all such states are
from the j = 1 branch and as a result the current distribu-
tion j(y) ∝ sin(πy/Ly) is as in the clean limit. This can be
seen from Fig. 5(d) for x far away from the impurity. Thus,
the impurity blocking effect on the current for the impu-
rity at the center β has a larger effect than the off-center
position α. In contrast, for the off resonance case, the
current with the impurity at α′ is more suppressed. The
reason is the same but, here, the j = 1 and j = 2 branches
contribute both to the current, and as a consequence the
current distribution is j(y) ∝ | sin(2πy/Ly)|+| sin(πy/Ly)|
and has a maximum at the α′ position. This can also be
seen from Figs. 5(f) far away from the impurity. This po-
sition dependent effect could be used to investigate the
nature of the superconducting condensate, e.g. by using
Scanning Gate Microscopy(SGM) in order to locally mimic
the effect of the impurity and suppress the order parame-
ter. By monitoring the change in the Josephson current,
one can map out the symmetry of the order parameter and
the distribution of the supercurrent along the y direction.
Conclusions. – In conclusion, we studied the effect
of non-magnetic impurities on narrow superconducting
nanowires in the clean limit, in which quantum confine-
ment plays an important role. By applying BdG theory to
the case of NbSe2, we uncovered several regimes in which
the impurity affects the superconducting properties of the
nanowire in different ways. First, depending whether the
nanowire is in the resonant or off-resonant regime, the OP
will show slow or fast oscillations away from the impurity,
respectively. This is due to the different nature of the
quasi-particles involved in the formation of the Cooper
pairs, i.e. small or large momentum. Additionally, the
impurity has a strong position-dependent effect on the
Josephson critical current with opposite behavior in the
resonant and off-resonance cases. In the resonant case an
impurity at the center of the wire will strongly suppress
the current while for the off-resonance case the current is
slightly suppressed for an impurity sitting at an off-center
location.
In experiments, the crystal structure of the material, the
surface roughness of the specimen and the properties of the
substrate will modify the Fermi level, the band structure,
the electronic wave functions or the electron mean free
path. All these factors could broaden the single-electron
levels and modify the specific scattering patterns of the
OP and electronic structures (LDOS). However, the su-
perconducting shape resonances are robust, as shown in
more realistic theoretical models [48]. In this case, quan-
tum confinement dominates and the position dependence
of the amplitude of the electronic wave functions and OP
are robust. As a result, our conclusions about the position-
dependent impurity effect (especially the effect on the
Josephson current) will not be significantly altered, al-
though specific details might change.
We believe that these effects could be used to investi-
gate the nature of the superconducting condensate and the
scattering of the various subbands on the impurity. Also in
realistic nanowires, which contain impurities, one should
see a strong impurity effect in the resonant case. Although
the mean-field calculation presented here cannot describe
fluctuations, by showing that the Josephson current can
be strongly suppressed in the resonant case, one can in-
fer that fluctuations will become more important. Our
calculations could also provide a basis for a phenomeno-
logical toy model of a 1D disordered Josephson array with
position impurity dependent junction parameters.
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Supporting Online Materials
We present results for NbSe2 nanowires for the reso-
nance case (Ly = 5.8nm) and off-resonance case (Ly =
7.5nm), where there are three peaks in ∆(y) now.
First, we show in Fig. S1 the electronic properties in
the clean limit for both cases. They are similar to the
results we presented in the main paper. The difference
is that, for the resonance case here, the energy spectrum
shows a subgap for both subbands j = 1 and j = 2 and
the main gap for the subband j = 3. Only the quasi-
particles of the subband j = 3 have low momentum k ≈ 0.
Note that the folding of the subband j = 3 around k = 0
results in a double peak in the LDOS [see Fig. S1(d)]. For
the off-resonance case, all three subbands mix and have
only one gap. Furthermore, no quasiparticle state has low
momentum.
Next, we consider an impurity with the same parameters
as in the main paper at positions (0, α), (0, β) and (0, γ)
for resonance case and positions (0, α′), (0, β′) and (0, γ′)
for off-resonance case. These are defined in Fig. S1. In
Fig. S2, we show the spatial distribution of the amplitude
of the order parameter in the presence of the impurity.
In Fig. S3 and Fig. S4, we show the corresponding LDOS
for resonance and off-resonance cases, respectively. All
the results are similar to the ones presented in the main
paper. The effect of the impurity depends on its position
and shows opposite behaviors for the resonant and off-
resonant cases. These are due to the differences in the
subband energy spectrum.
Finally, we show the Josephson current for the reso-
nance case in Fig. S5 and off-resonance case in Fig. S6.
All other parameters are the same as in the main paper
such as the length of the junction link Lj = 30nm. Again
all results are similar to the ones shown in the main paper
but the impurity has now less overall effect on the total
current. The reasons are that (1) The relative size of the
impurity becomes smaller when the width of the nanowire
increases. (2) More subband quasiparticles take part in
the current transport, which results in the current distri-
bution along the lateral direction being more uniform.
In conclusion, all the additional results shown here sup-
port the explanations presented in the main paper. Mean-
while, this shows that the effect of the impurities decrease
with increase of the width of the nanowire. Finally, as ex-
pected all the global properties converge to the bulk ones
and Anderson’s theorem is recovered.
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Fig. S1: Properties of the clean NbSe2 nanowires. (a) Spatially averaged ∆¯ as a function of Ly . The open circles 3 and 4
indicate the resonance case (Ly = 5.8nm) and off-resonance case (Ly = 7.5nm), respectively. (b) Order parameter |∆(y)| for
resonance and off-resonance cases. The αβγ are defined as the positions where the order parameter has a local maximum /
minimum for resonance and the α′β′γ′ for off-resonance. The value of these positions are shown in the inset of the panels (d)
and (f). (c) and (d) energy spectrum and the corresponding LDOS at positions α, β and γ for resonance. (e) and (f) the same
but for off-resonance and positions α′, β′ and γ′.
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Fig. S2: Contour plots of the order parameter in the presence of an impurity. (a-c) |∆(x, y)| for an impurity sitting at α, β and
γ (defined in Fig. S1) in resonance case. (d-f) are the same as (a-c) but for the impurity sitting at α′, β′ and γ′ in resonance
case. The white open circles indicate impurities’ profile where U = 0.1U0.
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Fig. S3: Contour plots of the LDOS for the resonance case with an impurity sitting at α (a-b), β (c-d) and γ (e-f). The bias
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Fig. S4: Contour plots of the LDOS for the off-resonance case with an impurity sitting at α′ (a), β′ (b) and γ′ (c) at gap
E/meV = 0.76. The open circles indicate impurities’ profile where U = 0.1U0.
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Fig. S5: Josephson current for the resonance case. (a) Current-phase relation for clean limit, with impurity at α, β and γ.
(b)-(d) The spatial distributions of current for an impurity at α, β and γ for phase differences where currents reach their critical
Josephson currents. The color indicates the amplitude of the current and the streamlines indicate the direction of the current.
The open circles indicate the impurity profile for which U = 0.1U0.
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Fig. S6: Josephson current for the off-resonance case. (a) Current-phase relation for clean limit, with impurity at α′, β′ and
γ′. (b)-(d) The spatial distributions of current for an impurity at α′, β′ and γ′ for phase differences where currents reach their
critical Josephson currents. The color indicates the amplitude of the current and the streamlines indicate the direction of the
current. The open circles indicate the impurity profile for which U = 0.1U0.
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